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,W LVZRUWK QRWLFLQJ WKDW WKH LQWURGXFWLRQ RI WKH SULQFLSDO TXDQWXP QXPEHU1 LV SRVVLEOHRQO\LQWKHFDVHRIWKHSDUDEROLFSURILOHRIWKHUHIUDFWLYHLQGH[7DNLQJLQWRDFFRXQWWKHWZR
IROG SRODUL]DWLRQGHJHQHUDF\RQHFDQVHHWKDWLWGHWHUPLQHVD 1 IROGGHJHQHUDF\RIHDFKOHYHO
,QGHHGH[DFWO\ 1 FRPELQDWLRQVRIGLIIHUHQW O P FRUUHVSRQGWRDQ\JLYHQQXPEHU 1  ,QWKHJHQHUDOFDVHRIDQRQSDUDEROLFUHIUDFWLYHLQGH[¶VSURILOHWKHOHYHOVDUHGHWHUPLQHGE\TXDQWXP
QXPEHUV  O P T  DQGZKHQ P ! WKH\DUHIROGGHJHQHUDWHGWKHSRODUL]DWLRQGHJHQHUDF\DQG
GHJHQHUDF\RIOHYHOVZLWKRSSRVLWHVLJQVRIP  >@/HWXVGHWHUPLQHFKDUDFWHULVWLFLQWHUYDOVEHWZHHQOHYHOVRIWKHULQJUHVRQDWRUDV
 T1T11 NNN   G  T1T1T NNN   G  
&RQGLWLRQV RI WKH SDUD[LDO DSSUR[LPDWLRQ DQG PXOWLPRGHQHVV (TV DQG  JLYH LQ
DSSOLFDWLRQWR(TWKHIROORZLQJFRQGLWLRQZHDVVXPH '1 
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
,Q WKH ILUVW DSSUR[LPDWLRQ ZLWK UHVSHFW WR VPDOO SDUDPHWHU  ZH DSSUR[LPDWHO\ KDYH IURP
(TV
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+HQFH WKHVSHFWUXPRIWKHUHVRQDWRULVDSSUR[LPDWHO\HTXLGLVWDQW'HSHQGLQJXSRQWKHYDOXHRI
WKH FKDUDFWHULVWLFSDUDPHWHU U5 ' ERWKVLWXDWLRQV NN T1  GG   DQG NN T1  GG !! FDQ EHUHDOL]HGRZLQJWR(TWKLVSDUDPHWHUPD\EHYHU\GLIIHUHQWIURPWKHSDUDPHWHU
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,Q WKH FDVH RI D SDUDEROLF UHIUDFWLYH LQGH[ SURILOH WKDW ZH DUH FRQVLGHULQJ WKH UDGLDOIXQFWLRQVRIPRGHVHTXDO>@
    aH[Saa  UUUU 99/) POPPO    
ZKHUH Ua UU   PO/  DUH JHQHUDOL]HG /DJXHUUH SRO\QRPLDOV DQG ' NU9 LV WKH ODUJHZDYHJXLGHSDUDPHWHUVHH(T%\VXEVWLWXWLQJPRGHV(TZLWK(TLQH[SUHVVLRQLW LVSRVVLEOHWRGHULYH>@
  __  PN PNUVG V'    +HUH DGHSHQGHQFHRQ DQHZTXDQWXPQXPEHU PV  WKDW LV WKHSURGXFWRI WKHKHOLFLW\DQG WKH
RUELWDOPRPHQWKDVDSSHDUHG7KLVQXPEHUFKDUDFWHUL]HVWKHVSLQRUELWLQWHUDFWLRQ7DNLQJLQWRDFFRXQW WKH SRODUL]DWLRQ FRUUHFWLRQ ZH VHH WKDW HOHFWULF ILHOG RI WKHPRGHV (TV WDNHVWKHIRUP
           __ __ H[S H[S FFO P [ \ PO PL LP ) L N N ] L WV VV M U G Z ª º    ¬ ¼( H H  7KXV ZH KDYH IRXQG WKH VWUXFWXUH RI PRGHV WKDW WDNHV LQWR DFFRXQW WKH SRODUL]DWLRQFRUUHFWLRQV IRU DQ RSHQ ZDYHJXLGH /HW XV QRZ WXUQ WR WKH ULQJ UHVRQDWRU 2EYLRXVO\ WKHFRQGLWLRQRITXDQWL]DWLRQUHVRQDQFHFRQGLWLRQ(TIRUDILHOGWDNHVWKHIRUP
 __ __T P TN N 5VG   %\VXEVWLWXWLQJ(TLQWRWKHFKDUDFWHULVWLFHTXDWLRQZHREWDLQLQVWHDGRI(T
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,WIROORZVIURPKHUHWKDWWDNLQJLQWRDFFRXQWWKHSRODUL]DWLRQFRUUHFWLRQUHVXOWVLQVSOLWWLQJRI
OHYHOV (TV  /HW XV GHQRWH WKH VKLIW RI D OHYHO IURP LWV ROG YDOXH  DV H 
   1 T P 1 T T PN NV VH   7KHQ LQ WKH ILUVW DSSUR[LPDWLRQ ZLWK UHVSHFW WR __  O P PN VG ZH ILQG IURP
(T
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ZKHUH ZH KDYH XVHG (TV DQG  6XEVWLWXWLRQ RI FRUUHFWLRQ  DQG VROXWLRQV  LQWR(T\LHOGV
   T P P 5TUV VH ' |  
7R REWDLQ H[SUHVVLRQV IRU WKH UHVRQDWRU¶V HLJHQ IUHTXHQFLHV DQG WKHLU VKLIWV REYLRXVO\ RQH
VKRXOG MXVWPXOWLSO\ FRUUHVSRQGLQJ YDOXHV    E\ F Q  )RU VSOLWWLQJ WR EHFRQVLGHUHGDVDILQHRQHWKHIROORZLQJFRQGLWLRQVKDYHWREHVDWLVILHG
 NN T1   GGH   
)LUVWRIWKHPLVVDWLVILHGDXWRPDWLFDOO\VHH(TVDQGZKHUHDVWKHVHFRQGRQHUHTXLUHVWKH VPDOOQHVVRIWKHSDUDPHWHU
 'TU
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
([SUHVVLRQLV WKHFHQWUDOUHVXOWRI WKLVSDSHU WKLV LV WKHHTXDWLRQWKDWGHWHUPLQHVWKHVSOLWWLQJDQG WKHILQHVWUXFWXUHRI OHYHOVRI WKH ULQJUHVRQDWRUXQGHUFRQVLGHUDWLRQ2QHFDQVHH
IURP (TWKDWOHYHOVZLWK !P GHYLDWHLQWKHRSSRVLWHGLUHFWLRQVGHSHQGLQJRQWKHVLJQRI
PV  ,W LVZRUWKQRWLFLQJ WKDW WKH HPSLULFDO+DPLOWRQLDQRISKRWRQ62, LQ >@ DVZHOO DV WKH
+DPLOWRQLDQRI62,IRUDPDVVLYHSDUWLFOHLQDFHQWUDOV\PPHWULFILHOG>@LVDOVRSURSRUWLRQDOWRWKH VFDODU SURGXFW RI WKH VSLQ DQG WKH RUELWDO PRPHQW 6LQFH OHYHOV RI WKH UHVRQDWRU LQ ]HUR
DSSUR[LPDWLRQ(TDUHFKDUDFWHUL]HGE\TXDQWXPQXPEHUV 1 DQG T RQO\ WKDQDV LWZDV
PHQWLRQHG DERYH 1 FRPELQDWLRQV ZLWK YDULRXV O DQG P FRUUHVSRQG WR HDFK VFDODUDSSUR[LPDWLRQOHYHO(T+HQFHLWIROORZVIURP(TWKDWHDFKOHYHOZLOOEHVSOLWLQWRD
PXOWLSOHWRI 1 VXEOHYHOV$V ZDVPHQWLRQHGLQ6HFWLRQVXFKVLWXDWLRQWDNHVSODFHVROHO\IRUSDUDEROLFSURILOHRIWKHZDYHJXLGH¶V UHIUDFWLYH LQGH[ ,Q WKH JHQHUDO FDVH HYHU\ OHYHORI WKH VFDODU DSSUR[LPDWLRQZLWK
P ! LVIROGGHJHQHUDWHGDQGVSLQRUELWLQWHUDFWLRQVSOLWVLWLQWRVXEOHYHOV 7KHVKLIWRIWKH
OHYHOV GHSHQGV LQ WKLV FDVH RQ TXDQWXP QXPEHUV O DQG P WRR   O P T PVH H  6SHFLILF
FDOFXODWLRQVIRUWKHOHYHOVVSOLWWLQJLQWKHFDVHRIDQRWKHUHJVWHSOLNHSURILOHFDQEHPDGHE\IROORZLQJ WKH JHQHUDO VFKHPH RI WKH SUHVHQW SDSHU DQG E\ XVLQJ FKDUDFWHULVWLF HTXDWLRQV DQGSRODUL]DWLRQFRUUHFWLRQVOLVWHGLQ>@1RWH DOVR WKDW 62, FRUUHFWLRQ  GRHV QRW UHPRYH SRODUL]DWLRQ GHJHQHUDF\ RI OHYHOVFRPSOHWHO\ VLPXOWDQHRXV FKDQJH RI WKH VLJQ RI WKH KHOLFLW\ DQG WKH RUELWDOPRPHQW GRHV QRWFKDQJH D OHYHO 7KXV HDFK OHYHO UHPDLQV WZLFH GHJHQHUDWH 7KLV GRXEOH GHJHQHUDF\ LV DFRQVHTXHQFHRIORFDOD[LDOV\PPHWU\RIWKHZDYHJXLGH>@,QGHHGLQVWHDGRIFRPSOH[PRGHV
 VPOH DQG   VV POPO HH   WKDWFRUUHVSRQGWRWKHVDPHOHYHOVRIWKHUHVRQDWRULWLVSRVVLEOHWR
XVH WKHLUVXSHUSRVLWLRQVVHH>@
 VV  5H POPO HH   VV  ,P POPO HH   
0RGHV H DQG H GHSHQG H[FOXGLQJ O  RQO\ RQ WKH SURGXFW RI WKH KHOLFLW\ DQG WKH RUELWDO
PRPHQW PV  DQGGLIIHUIURPHDFKRWKHUDW !P  E\DURWDWLRQZLWKUHVSHFWWRWKHZDYHJXLGH
D[LVVHH)LJ)LQDOO\OHWXVDGGXFHQXPHULFDOHVWLPDWLRQVIRUSRVVLEOHILQHVSOLWWLQJRIOHYHOVLQWKHULQJ
UHVRQDWRU PDGH RIPXOWLPRGH RSWLFDO ILEHU /HW XV WDNH WKH FKDUDFWHULVWLF SDUDPHWHUV a ' 
Pa N  Pa U  Pa5  :LWKWKHVHQXPEHUVZHKDYH aT  (T%\VXEVWLWXWLQJ
WKHVHYDOXHVLQ(TVDQGZHREWDLQW\SLFDOLQWHUYDOVEHWZHHQWKHOHYHOVRIWKHUHVRQDWRU
  Pa N1G   Pa NTG   Pa NPVG  
ZHUH   TU5NP ' VG LVWKHLQWHUYDOEHWZHHQWZRDGMDFHQWOHYHOVRIWKHILQHVWUXFWXUH(T
(TV VKRZV WKDW DW WKH FKRVHQ YDOXHV RI SDUDPHWHUV WKH FKDUDFWHULVWLF LQWHUYDO RI WKH ILQHVWUXFWXUHLVRQO\RQHRUGHUOHVVWKDQWKHLQWHUYDOEHWZHHQDGMDFHQW]HURDSSUR[LPDWLRQOHYHOVRIWKH UHVRQDWRU
&21&/86,21
,QFRQFOXVLRQZHKDYHFRQVLGHUHGWKHLQIOXHQFHRIWKHVSLQRUELWLQWHUDFWLRQ62,RQWKHVWUXFWXUHRIOHYHOVRIDULQJGLHOHFWULFUHVRQDWRU([DPSOHVRI62,RISKRWRQVWKDWZHUHDQDO\]HG
EHIRUH SURGXFHG DGGLWLRQDO WUDQVSRUW HIIHFWV RQO\ >@ 7KH SRVVLELOLW\ RI VSOLWWLQJ DQGIRUPDWLRQRIDILQHVWUXFWXUHRIOHYHOVRIWKHORFDOL]HGSKRWRQVWDWHVLVIRUWKHILUVWWLPHGHVFULEHGLQ WKHSUHVHQWSDSHU ,W LV TXLWH VLPLODU WRKRZ LW WDNHVSODFH IRU HOHFWURQV LQ DWRPV7KHPDLQUHVXOW LV WKDW WDNLQJ LQWR DFFRXQW WKH SRODUL]DWLRQ FRUUHFWLRQV ZKLFK DUH UHVSRQVLEOH IRU 62,UHVXOWV LQ SDUWLDO UHPRYDO RI WKH GHJHQHUDWLRQ DQG VSOLWWLQJ RI HDFK OHYHO RI WKH VFDODU
DSSUR[LPDWLRQLQWRDPXOWLSOHWRIHTXLGLVWDQWVXEOHYHOV 1 LQWKHFDVHRIDSDUDEROLFSURILOHRIWKH ZDYHJXLGHLQGH[DQGLQRWKHUFDVHV(DFKVXEOHYHOLVGHWHUPLQHGE\DQDGGLWLRQDOTXDQWXP
QXPEHU PV  ZKLFK LV DSURGXFWRI WKHKHOLFLW\ DQG WKHRUELWDOPRPHQWRI WKHPRGH%HVLGHV
HDFK VXEOHYHOUHPDLQVWZLFHGHJHQHUDWHGGXHWRORFDOD[LDOV\PPHWU\RIWKHZDYHJXLGH7KXVDFORVHDQDORJ\ZLWKWKHVSLQRUELWLQWHUDFWLRQDQGWKHILQHVWUXFWXUHRIHOHFWURQOHYHOVLQDWRPV>@WDNHV SODFH
7KH QXPHULFDO HVWLPDWLRQV JLYHQ DERYH IRU DQ RSWLFDO ILEHU VKRZV WKDW WKH FKDUDFWHULVWLF
LQWHUYDORIWKHILQHVWUXFWXUHRIOHYHOVPDNHV    y FKDUDFWHULVWLFLQWHUYDOVEHWZHHQOHYHOVLQVFDODU DSSUR[LPDWLRQ 7KLV DOORZV RQH WR H[SHFW WKDW WKH SKHQRPHQRQ FDQ EH REVHUYHGH[SHULPHQWDOO\,WPD\KDYHDQHIIHFWRQWKHSHUIRUPDQFHRIUHVRQDQWULQJLQWHUIHURPHWHUVPDGHRI D PXOWLPRGH ILEHU >@ ,Q DGGLWLRQ VSOLWWLQJ RI WKH OHYHOV DW WKH SUHVHQFH RI URWDWLRQ RUDGGLWLRQDO )DUDGD\ HOHPHQWV LQ D FLUFXLW PD\ FDXVH LQWHUHVWLQJ VWUXFWXUHV VLPLODU WR GULYLQJTXDQWXP PXOWLOHYHOV\VWHPV>@
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7KH ZRUNZDV SDUWLDOO\ VXSSRUWHG E\ ,17$6 *UDQW1R  DQG E\8NUDLQLDQ3UHVLGHQW¶V *UDQWIRU<RXQJ6FLHQWLVWV*3)
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 9%%HUHVWHWVNLL(0/LIVKLWVDQG/33LWDHYVNLL4XDQWXP(OHFWURG\QDPLFV3HUJDPRQ2[IRUG  ,5DVKED3K\VLFD (  '&XOFHU $0DF'RQDOG DQG 41LX 3K\V 5HY %    60XUDNDPL11DJDRVDDQG6&=KDQJ6FLHQFH )=KRX3K\V5HY%  .<X%OLRNK DQG <X3%OLRNK $QQ 3K\V 1<  WR DSSHDU >TXDQWSK@ 6,9LQQLWVNL9/'HEURY90'XERYLN%/0DUNRYVNLDQG<X36WHSDQRYVNL\8VS)L]1DXN >6RY3K\V8VS@ 96/LEHUPDQDQG%<D=HO¶GRYLFK3K\V5HY$  $<X6DYFKHQNRDQG%<D=HO¶GRYLFK- 2SW6RF$P%  $9'RRJKLQ 1'.XQGLNRYD 96/LEHUPDQ DQG %<D=HO
GRYLFK 3K\V 5HY $ %<D=HO¶GRYLFKDQG96/LEHUPDQ.YDQW (OHNWURQ >6RY-4XDQWXP(OHFWURQ @$9'RRJKLQ%<D=HO¶GRYLFK1'.XGQLNRYDDQG96/LEHUPDQ3LV¶PD=K(NVS7HRU)L] >6RY 3K\V-(73/HWWHUV @$9'RRJKLQ %<D=HO¶GRYLFK1'.XGQLNRYD DQG96/LEHUPDQ=K (NVS7HRU)L] 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>6RY3K\V-(73 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@ ),)HGRURY'RNO$NDG1DXN6665 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 .<X%OLRNK DQG <X3%OLRNK 3K\V 5HY (   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>-(73/HWWHUV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@ .<X%OLRNKDQG<X3%OLRNK3K\V/HWW$ 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SK\VLFV .<X%OLRNKDQG9')UHLOLNKHU3K\V5HY%WRDSSHDU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 +0DWKXU3K\V 5HY/HWW 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 .<X%OLRNKTXDQWSK $:6Q\GHUDQG-'/RYH2SWLFDOZDYHJXLGHWKHRU\0HWKXHQ/RQGRQ (YLGHQWO\ WDNLQJ LQWRDFFRXQW WKHFXUYDWXUHRI WKHZDYHJXLGH LQ WKH UHVRQDWRUZRXOGJLYHWKH FRUUHFWLRQVWRHLJHQPRGHVZKLFKZRXOGUHPRYHWKLVGHJHQHUDF\ ,$$QGURQRYD DQG*%0DO\NLQ8VS )L] 1DXN    >3K\VLFV8VSHNKL 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@ 5-&6SUHHXZ -3:RHUGPDQ DQG '/HQVWUD 3K\V 5HY /HWW   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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)LJ'LVWULEXWLRQRIWKHGLUHFWLRQVRIHOHFWULFILHOGLQWKHFURVVVHFWLRQRIDFLUFXODUZDYHJXLGH
IRU PRGHV H OHIWKDQGSLFWXUHLQHDFKSDLUDQG H ULJKWKDQGSLFWXUHV(T3DLUVD
E FDQGGFRUUHVSRQGWRYDOXHV PV    DQG  UHVSHFWLYHO\'HSHQGHQFHRIWKHILHOG
LQWHQVLW\ RQ WKH UDGLDO FRRUGLQDWH U LV QRW FRQVLGHUHG KHUH2QH FDQ VHH WKDWZKHQPDNLQJ D
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